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We consider the problems of optimizing control processes for systems described
by second-order equations of hyperbolic type, posed in the form of the related
two-dimensional Bolza problem of the calculus of variations, The necessary sta-
tionarity conditions are obtained, It is shown that Lagrange multipliers, which
can have discontinuities inside the region of admissible variations, correspond
to the optimal solutions,

Optimal problems for hyperbolic equations with conditions on the character-
istics for functionals of the simplest form have been considered in [1, 2] by means
of Pontriagin’s maximum principle,

1, Statement of the problem, We consider a partial differential equation
and relations given in a two-dimensional region Q (a <L 2 << b, c << y << d) of the
following form:

L (2) = a112.x + Q392yy 4+ 0122 + a9z, = (2, Y, 2, u) (1-1)
Yy (x, y,u)=10 k=1,..,r<m) 1.2)

Here Z2x; Zy; Zxy, %y, are the first and second partial derivatives of the continuous
function 2 (z, y) being sought, By u = (4, (z, ¥), ..., U, (z, y)) we mean an m-
dimensional vector of piecewise~-continuous controls i, (z, y). The coefficients a, =
a, (z, y), ay = a, (2, y), ayy = ay; (2, Y), @39 = @34 (Z, ¥) and the functions f =
/ (z, y, z, uyand Y =P, (x, y, u) are continuous and have continuous partial deri-
vauves up to third order inclusive with respect to all the arguments for x, y €= Q.
The initial and boundary conditions

Z(a7 y)-'_—‘(PI(y)? Zx(a, y):q)2(y) (13)
P (z,2,2,) =0 for y=c (1.4)
Qo (x,2,2,)=0 for y=d

are taken as specified, In these equalities the functions @, (¥), ¢» (¥), ©. (z, z,)
and ¢4 (z, z. z,) are continuous and have continuous partial derivatives up to third
order inclusive with respect to all the arguments.

We pose the following optimal problem: among the surfaces which inside region
satisfies Egs, (1. 1) and (1. 2), satisfy relations (1,3) for * = a , and satisfy dependencies
(1.4) for y = ¢ and y = d , find the one which minimizes the functional
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d
J = todzay + {oyay + 10, v) (1.5)
Q ¢
Here 2° (b, y) = (z (b, 4%, .... 2 (b, ¥p°)) is a p-dimensional vector, where y,” are

given nuribers and ¥,° = ¢, ¥p° = d. The functions fo = fo (@, y, 2. u) and X (2°
(b, y)) are continuous together with their derivatives up to third order inclusive with
respect to the arguments, The function ¢, = ©, (y, z (b, y). z, (b, y)) is piecewise-
continuous and, moreover, ¢, (¥, 2, z,) = Qpy \Ys 2, Z5) for y < (yy, y.,) and
Oy (Y, 2, 2,) is continuous together with its derivatives up to third order inclusive, The
discontinuities of the function ¢, (y, z, z,) at y = y. are taken as specified,

2, Necessary condition for the stationarity of J. The Euler
equation, For the stated problem we can prove lemmas on the imbedding of the
surface £ minimizing functional (1, 5) into a one-parameter or multiparameter family
of comparison surfaces, The necessary condition for the stationarity of functional J can
be proved with the aid of these lemmas, Here it is used in the same form as in [3, 4] for
the related one-dimensional Bolza problem and in [5] for the multidimensional problem,

For the functional J to take a minimal value on a surface F it is necessary to fulfill
on it the equality

AI =0 (2.1)

in which

I=Io+ I+ I =40, y) +

Qe

d

Lde +\Ldy + [ [ I,dzdy (2.2)
c Q

Ll, (Zy’ Z, nu MNa, .Z) = nc(Pc (1‘, z, zy) + nd(pd (‘rv 2z, Zy) (23)

Ly (25, 2, My Mo, ¥) = M1 [2(a, ¥) — @1 ()] + N2 [22(a, ¥) — s (¥)]

r

L2 (::‘3:» sz7 Zay Zyy U,y }", W, z, y) = fo _|_ )"L (Z) - }"f + z kak
where k=1
b= 2@oy) e =y (2, 9) Me = Me (@), Mg =" (&), M = My (B), =12 ()
are undetermined Lagrange multipliers, Al is the total variation of functional [I.

To compute the variation A/ we take it that the whole region  consists of nele-
mentary regions ®; (i = 1, ..., n); in each of them the functions z (, ¥)and A (z, ¥)
are continuous and have continuous derivatives, and the functions w, (z, y) and u, (z,
Y), ..., U (Z, y) are continuous, The elementary region w; has a piecewise-smooth
boundary S;. The smooth segments S;; (j == 1, ..., T;) of this boundary can be lines
of the following types: (1) a part of the boundary of region £, (2) a line of disconti-
nuity of the control parameters, not coincident with the characteristic of Eq, (1,1),

(3) a line of discontinuity of the control parameters, coinciding with the characteristic
of Eq. (1.1), (4) a line of discontinuity of the multipliers A (z, y), uy (z, ¥), coincid-
ing with the characteristic of (1,1), The number of noncharacteristic boundary lines,
interior relative to region £2, is denoted by g,, while the number of characteristic
boundary lines, by g,. We introduce the notation ¢ = ¢,--¢,. We assume the boundary
S; has 1; points M;; where the smoothness is violated, At each of them any finite num-
ber of noncharacteristic boundary lines can intersect with one or two characteristic boun-
dary lines, Let ni,. m,. m. and m,; he the number of elementary regions ; abutting
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on the parts x = a, £ = b, y = ¢ and y = d of the boundary of region Q.
Let us consider the individual terms on the left-hand side of equality (2,1), We begin
with the variation Al,. Setting it up we have

AT, = QS["L’ 8z 4 AL (8z) - Z ——5uk]dxdy + 2 CS)L SNds (2.4)
‘a i=1 8
Here 8z. Su, and 8NV are the variations of the functions z, u, and of the boundary
contour §; in the normal direction, After applying the Green-Riemann formula to the
integral containing [, (8z) and using formula (2, 3), we obtain

o O o . | 9 |
A= Sﬁ{[(anwm (@b — (@he)s — (@he)y — S-0; + 2] oz, -
i=1 oy
al< M, Jfo df
+ El [12'1 K —au;‘.; ‘%‘ —O_ll_: —_ ?"i m—h':' 6“1;1'} dzx dy + (25)
3 | (Lot + auidine — (o) bzid s +
_1 1'
A [agh;82; — apohidziy + (Agoh;)y 821yl Ny - LON} ds
_dz _dy _dy dr
i A T e=9v = " @&

Here n;, n, are the direction cosines of the normal to contour S; N and s are coor-

dinates counted off along the normal and along the tangent to the contour (the tangent

is directed toward the side of the positive circuit of the contour, the normal is taken

outward); 8N is the variation of the contour §; along the normal direction; the index

i denotes the membership of the corresponding functions in the elementary region ;.
Computing the variations A/, and AJ, we find

d b
Al = S(rlléz + nd2,) dy +S’] ( — 0z + 6“1}) dr — (2.6)
S P ™y
+\le ( 6 + 5%) 4z + §< - bz )~b ‘3“”) dy - (5 — i) AV
o c A=l
Al = X L 85(b, y°) (2.7
¢

v=1

The minus and plus superscripts denote the left and right limits of the function -
Substituting Al,, A/, and Al, into equality (2.1), we obtain an expression containing
terms depending on double integrals over the elementary regions «;, on integrals along
the boundaries S; of these regions, and on integrals along parts of the boundary of region
Q, and terms independent of integrals, The usual arguments of the calculus of variations
allow us to establish that to fulfill the stationarity condition (2,1) we need to equate
each of these groups of terms to zero, Equating to zero the terms containing the multi-
ple integrals and applying the fundamental lemma of the calculus of variations, we
obtain the Euler equation
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M (A) = (a1h)xx + 2220 gy — (@A) — (ag))y, = (3f / 02)h — 0fy/ 0z (2.8)

determining the multiplier A (z, y), and the relations
r

WNa | 3o i
Z}Lagﬂ—‘l‘a-’:—;&m:o (k=1,...,m) (2.9)
a=1

which must be fulfilled in each of the elementary regions ®;, i, e, at each point of region
Q at which A (z, y) and po (z, y) are continuous, Here the indices / have been omit-

ted in Eqs, (2. 8) and (2. 9).

8, The Erdmann-Weierstrass conditions, To obtain the Erdmann-Wwei-
erstrass conditions on the boundaty lines S; of the elementary regions ; and the bound-
ary conditions at the boundary points of region £ we analyze the remaining terms in the
variation AJ. At first we pass in A/ to the coordinates s and N gounted off along the
tangent and along the normal to the boundary contour, Then for the derivatives of some
function F (z, y) we have the formulas /' <= Fyn, — Fon,. Fy == Fyn,+ Fyn,.
We apply them for the computation of the derivatives 8z, 02, (@), (@22 A),
occurring in relation (2, 5) and we integrate by parts the terms containing the derivative
0z,. After carrying out these operations the expression for the variations takes the form

n 4

Al = Zl Zi \ 1A11J7“zz‘5~uv + 1@y -+ agngij) Aij — (Arijhis)y — 2 (Asishij)s +

i==1] j==1 9

(A:m' ~ Ayi)) 071 824 4 [fo + MisL (215) — Mijf1 ON ik ds +

i b
=y 1A2x6z1u'“‘+§[nc~—a~<x 0) 2,5, 0) | du 4 @3.)

i=1 j=1
b

JI‘S[nd d'l 8z (, d) Fﬂd

(22

[M:02 (a, y) +

(SR R Y

(Szy (=, d)] dr +

d
[ 09 op |
4 Madzx(a, y)) dy + S [ELBZ (b, y) - Wb' dz, (b, y)J dy +

my

+ 2 (@ox™ — Gyt Ay,,+2 5Z(b ¥°) =0
k=1
Here we have introduced the notation 4,, A, and A defined by formulas (A, 3) (see
the Appendix) in which a;, == ( and by p; we have denoted the radius of curvature of
contour ;. We transform the variation: 0z;;, 82y, 6le“ occurring in relation(3,1),

by the formulas .
0zij = Azij — 5;n0Nyj, 82,in = Azjn — zi5u8ON (3-2)
02 |ary; = Az |n; — 2ijx AT — 215y AYij (3-3)

where Az;; are the variations of function z on the line S;;, Az IMU‘ is the variation of
this function at the point M;;, and Az;; and Ay;; are the variations of the coordinates
of point Mi; Making use of equalities (3, 2) and (3, 3), we reduce expression (3.1) to
the form no 4

A= 2 D1 | {AhAzy + [(any +agno) b — (A 0y — 2(4,0), -+

je=1 j==1 Sif
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+ (A3 — A1) p7'A] Az 4 [fo — Af + 24,M (2e8 — p712,) + (3.4)
+ Ash (245 + p7l2n) — (@10, — agny) Az, - (A zn +
+ 2(AA)s zn + (Ay — 43) 07Azy] OV} ds +

+ D D 1400z — A\ (2,Az + 2 Ay)]u”“
i=1 j=1
me g4y -
+Z \ [ = Az (z, c)—]——Azy(x c)de—}—
.\'k
Mg k41
d a
+3 [—aq—;d—Az(x, d) + 2% Az, (2, d)de+
k=1 x.k v
Ma Yk my Vi1 o0
+ 3 s n) rman @pia+ 3\ [Zase +
k=1 § k=1 4 -

+az Az (b, y]dy+2(%k — Qpr’) Ayh+2 Azbyy)—0

k=1 r=1
Here and subsequently we have dropped the indices ; and j and have used the equality

— (ayny + asny) Azy = — A a2z, — Mgz, — A (ang — agny) 2z, (3.5)
— Ahzyy = — MayyZey — MagyZyy + 245M (35y — 07'2,) -
+ Ash (2,5 — p7'2n)

and, on the basis of condition (2,1), have required that the variation be equated to zero,

We go on to establish the Erdmann- Weierstrass conditions on the different parts of the
boundary lines §; of the elementary regions ®,. Let us consider a line of the second
type and assume that it demarcates regions ®; and w,.Functions relating to region ©;
are marked by a superscript minus, while functions relating to region wy,by a superscript
plus, Then, on passing through the line S;;,

Az™ = Azt = Az, Azy~ = Azn™ = Azy (3.6)
N~ =0N* =8N

(these variations are independent), In (3,4) we pick out the terms containing Azy and

equate them to zero: we obtain A"A,” — A*A4," = 0, On a line of the second type
e L et A= = W on Si; (3.7)
Having picked out in (3, 4) the terms depending on Az, we find
— 24,07 — AAy" 4+ BAT = — 240, — AjAvT 4+ BAY (3.8)
By =any +agny — Ajy — 24,5, —p7H (A — Ay)
Equality (3.7) and the relation A,~ = A, are valid on the line S;;, Consequently, the
equality Ay~ = Ayt 100 S (3.9

is fulfilled, Finally,if in (3,4) we pick out the terms containing 8.V and take into ac-
count the conditions obtained above, we obtain the relation
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foo— A =fo" — A" on 8y (3.1
It should be noted that the terms, occurring in variation (3, 4), depending on Az, A« and
Ay, computed at the points M;; for lines S;; of the second type, cancel each other out,
Let us study a segment S;; of the third type, Since S;; is a segment of a character-
istic, the equality A, = O is fulfilled on it and the terms in (3. 5) containing Az, va-
nish, In this connection the nonequality A~ == A* can hold on S;; . Equating the coef-
ficients of variation Az to zero, we obtain the equation

— 2 A4, [N — M), - B IA — A= 0 on S (3.11)

determining the change A~ — A" in the discontinuity of the multiplier A along the
characteristic, Consequently, this discontinuity can be found if we are given the condi-
tions on the boundary of the region €2, which we
shall obtain subsequently, If the line to be studied
is fixed, then §.V = (), In the case of a moving
line the conditions have a rather complicated
form and are studied below,

Let us consider the point J/;; of intersection
of two characteristics (', and (', (Fig.1). Any
number of noncharacteristic lines can intersect
at this point; they do not introduce additional
discontinuities in multiplier A, therefore, we can

< use the notation shown in Fig,1, Picking out from
Fig. 1 (3.4) the terms relating to the point i/ ;, after
8. cancelling the nonzero multiplier A, — Asey,
we obtain the expression .
P Iy =y o Ay — Ayly,, = O (3.12)

proving that the magnitude of the discontinuity of multiplier A on a characteristic does
not change on passing through another characteristic,

4, Boundary conditions, Let us now consider lines Si; of the first type,
which are parts of the outer boundary of region ¢). We start with the boundary 2 - a,
¢ <{ y < d. Equating the coefficients of the variations Az, (. y) and Az (a, y) to
zero, we obtain two conditions apiece,

Aphi(a, ) =my =l (4.1)
- Alu)"i.‘.\‘ (av y) + (al - ‘4111 \') }"h‘ (av I/) = Wik

Analysis of the terms containing the variations Az, (x, ¢) and Az (z, ¢) for the bound-
ary segment y = ¢, a << x << b, leads to the following results :

Alc}"l\’ (.Z', C) = 1]cn-a(Pc /a:u (k=1,..., mc)
Alc}“ifu (z, ¢) — (as — Atey) A (€, ¢) = — Ne.0pc /03 (%.2)

If the points of intersection of the characteristic lines C, and C, shown in Fig,2
occur on the boundary y = ¢ , then we obtain the following relation for the discontinu-
ities of multiplier A , which must be fulfilled at x = zy, y = c:

=yt My (pczu l"”=xk 0

Ay —hy = (4.3)

a T M- (Pczu lx=xk =0
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Here we have used formula (A,10) from the Appendix, Analogous conditions are found
for the boundary segment ¥y = d, a <<z < b, At all its points we have

Ald}"k (x’ d) = Nk aq’d /02_1, k=1,..., md) (44)
Ayahiy (2, @) — (a3 — Ayay) M (2, d) = — My, 09y / 92

At the points z = x, of intersection of the characteristics we obtain

- 7"1 + }\'}i—l’ q)dzy |x=>ck '7& 0

Ay — }"}: = A’a _ )"h‘—l’ 0 (45)

q)dzu '.c=xk =
The following conditions are obtained for the boundary segment r = b, c<{y<{d :
Awhi (b, y) = — 0Py | Oz, (k=1,...omy) (4.6)
= Awhiy (0, Y) (a1 — Awa) b (B, Y) = — 0Py / 02
The above-mentioned given points
y=y(v=1..p, w=c p =d

occur on this segment and a certain number of moving points may appear, We number
this as well as the other points from one to m;,where y;, = ¢, and y,,, = d (Fig, 3).

)
it ——
g @,
Ll (4
[’Z ! [,Z ﬂ”’l
@y
@ e o, i
; %-1 K Wy,
- — I é'/
I o N\
'm,
g | cb——— £
Iy z P |
. . bz
Fig, 2 Fig, 3

Analysis of the terms in expression (3, 4), corresponding to y = y,, z = b(k = 2,..,

m, — 1), leads to the conditions
1 1
A(b, y)= T?\.(b, Yi —0) +"2—7\'(b, Y.+ 0)—

_ 1 ay
2 V-—-(lua-z: Iz (b' yh‘)

(k=2,...,m~1) (&7

For the point ¥; = ¥,° = ¢, T == b these conditions are replaced by the following:

_ 99
Mo —0.0)=A(b, ¢ +0) = == s w0 (49)

Analogously, at the point ¥, = Yp° = d, 2 = b

1 a, o9,
AL — 0, d) =M (b, d— O) - V= cuan 9z (b, yPC) s Bzy +0 (49)

If the derivatives 0¢./0z, = 0 or dg,/dz, = 0, thenatthe corner points the muli-
plier A can have, respecrively, the discontinuity A (b — 0, ¢) = L(by ¢+ 0) or
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A(b—0,d) ==A(b, d—0).

Let us find the necessary condition in the case of moving characteristics, From (3, 4)
we write out the remaining terms and we take the terms containing Ax and Ay under
the integral, for which we use formulas (A,17) and (A, 20), After the reduction of simi-

lar terms we obtain @ ™ % |
2 Zl j [fo——z—(w'—f-?»')fJﬁNds-{—

my, i=1 j=1 sij
+ 2 [aw (B, ye) A (], yi) (22~ — 2i") + @y~ — @' ] Ay =0

= 2y" = 2, (b, Yo — 0), zx+ = 2y (bv Yr + 0)
Here n, is the number of elementary regions formed by the characteristics, Ty; is the
number of smooth characteristic lines bounding the ®;, A~ = A (z,y —0), A" =
7 {z,y -+ 0), where z and ¥ lie on the cha~
y L_ racteristic Sjj.

Assume that there exists one moving point
Yr¥" (y=1, ..., p). Then region O is
divided by lines (), and (J, made up, respec-
tively, from %, and &, segments of the cha-
racteristics (Fig, 4), By z;) we denote the
intersection of the ith segment of the cha-
racteristic line (J, with the boundaryy = d
if k, — i is odd, or with the boundary
y=cif ky —iiseven(i=2, ..., k),
and by z;" , the intersection of the jth seg-
ment of characteristic line (), with the
boundary y = ¢ if k, —j is odd, or with the boundary y = d if &, — j is even
(] - 2 cee 2)

In expression (4,10), 6V depends, on each part of S;; , on the variation of the con-
stants 1, and D, (see (A,16)), The lines (J; and Q, are continuous and issue from the
pointx = b, y = Yy, therefore, in the end each of their segments is determined by this
point, The variation of the (k, — i 4 1)th segment of the characteristic line Q, (« =
1, 2) has the form

(4.10)

S

&
[N
N

Fig. 4

Daka—i+1 = ®a,iAyK (=1 .., ka) (4°11)
Here
Fly (b1 yk) (= k1)
F (x'~ , A)F (x'- ) R & (:c’. , 9
1x Fin 2x Fity 2 \ Tk,
; , - F_o (b, y,) (kr—iis even)
0, = { o @i D F 1 (Eiigy - F (300 MY ! (4.12)
Fou (4y ©) Fix (Iz+2’ d)... Fy (g ©) Foo(bh ) (k1 —i is odd
F @ OF. @ d . F, (z., 0 w® ¥ (ni—iisodd)
1x i1 2x Vid2? 1x ko
Fy (b v =k
F (x'-' Lo P (zh,, d). . F (1”,d)
2y Vi1 1x 1+2 1x k2 ..
= F_ (b, ta — 1 is
" Fl,(:n OF (x Ay, F, (2, d) gu( y[() (k iis even)
2, i = x i 2x Firg 2x Fi, (4.13)
Fry (zz+1’ ) F,, (quv ¢)... Fy(zg, d) F, (b, y) (k2—iis odd
F, (270 &) Fy (2119 ) - . a) 2w Y : )
Ziv1 1x Vit 2x k2




Varlational optimization problems for equations of hyperbolic type 553

Equating the coefficients of Ayy to zero, we obtain the last necessary condition

’

x

él 6., S:l [fo)r —fo— -%—(7»‘ + A — f‘)] %‘f_ +
+ :2 0, ; S [m —f = A — f-)] N AT

= Q" — @y + a1 (b, Y) M (b, yi) (2" —2,7) =0

r ” ! ”
Here 2y =ur\" =a, Ty = a4y =b

0, = {IFWI (k1 —iiseven)
IF, | (k1—iisodd)
[Fi) (kr—1iisodd)

8, = {IFw‘ (k2 — i iseven)

Appendix, We consider the following hyperbolic differential equation [6, 7]:
ansxx + a12Zxy + az?zyy + a1zy -+ a2y = f (xr Y, 2, u) (A- 1)

Here we have used the notation of Sect,1, We pass to the new variables s and N
counted off along the tangent and the normal to curve ¢. We obtain

A sy + 2Agzgy + Agzg it Bay - (—agny an, — 2070 A )z = f (A.2)
Ay = aun? +apmns: + anna?
Ay = — anning 4 2013 (B> — n2?) 4 asenin: (A, 3)

Az = ann:? — appnin: -+ ann®
B = ain; + aanz +-p71 A4

Here p is the radius of curvature of ¢ ; m and n, are the direction cosines of the nor-
mal, By 2z~ and z* we denote the value of function z.to the left and to the right of
curve C as we move along it in the direction of increasing s. Let z together with its
derivative z, be continuous on passing through €. Then, the derivatives 2, Zy, Zg
are continuous, For zy,y we have

Ay zyyl =1, eyl =23y — 2y 1 =1"— 1" (A, 4)
Consequently, [z, ] 5= 0 if [/l 50 and line C is not a solution of the equation
dy \2 dz dy dz \2
AIZ““('E?) —agy gyt gy ) =0 (4.5)

i,e, is not a characteristic of Eq, (A,1), For a continuous right-hand side of Eq, (A,1)
the derivative zyy can have a finite or an infinite discontinuity only on a characteris-
tic line,

Having differentiated Eq, (A, 2) with respect to N under the condition that C is a
characteristic, we obtain the equation

24, [zypls + B laynl = 4] (A.6)

showing that breaks in the continuity of the function z can arise from the bounda
g NN
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conditions and from the discontinuity of the function /y, If z is continuous but z is
discontinuous on passing through the line €, this line must be a characteristic, and 'the

magnitude of the discontinuity [z,] satisfies the differential equation
24, [zy], + B lzy] = ] (A.7)

Thus the source of the discontinuity of function z,, may be both the boundary conditions
as well as the discontinuity of the right-hand side, If the function z is discontinuous,
then for the magnitude of the discontinuity [z] we obtain the equation

24, (2, - (B — Ay [zl =0 (A, 8)

showing that the discontinuities of function z can arise only as a result of the boundary
conditions, A formula analogous to (A, 8) (without the term containing 4,,) occurs in
71.

The coefficient A, of the derivative in Esq, (A, 6)—(A, 8) for the hyperbolic equa-
tion (A, 1) for which a*: — 4ayay, > 0, is nonzero on characteristics, The equality
4, = 0 defines two families of curves which may be taken as coordinate lines, In this
case, instead of Eq, (A, 1) we have Eq, (1.1) which we study subsequently, For it the
equations for the characteristic have the form

dy az ax
d_xzi]/_ L=y (A.9)

an amn

and define a family of curves ¢, with a positive slope dy / d= > 0 and a family of cur-
ves C, with a negative slope dy/ dr < U. It can be shown that through each point, exc-
ept the corner points, of the rectangular region Q (¢ <z < b, ¢ S y < d) there pass two
characteristics ¢; and C,, while through the corner points, one characteristic ¢; or Cs.

Let us compute the derivatives dc/ ds, dy/ ds and the coefficients 4; on the char-~
acteristics, Directing s towards tiie increasing y, we nave

dx ’ anp \ 2 dy [ an \ '
F (S I S () (A.10)

s (%

/12,-,1 =+ ]/— anaz;, . 13Ca = a,, -+ ay9

Here the upper sign is taken for the family ¢, (« = 1), the lower, for the family C, (a =
2), Carrying out analogous computations for the boundary lines, we find:

on the line y == ¢ (counting s in the direction of increasing «)
delds == 1, dy/ ds — 0, Ay, = ay (v, ). Age = an (x, ¢) (A, 11)

on the line ¥ = d(counting s in the direction of decreasing .)
de/ ds = —1,dy/ ds =0, A1q -= dgy (r. d), Agg = ay; (x, d) (A.12)

on the line # = a (counting s in the direction of decreasing y)
dov/ds=0,dy/ ds = —1, dig = ay; (a, y), Agq = az, (a, ¥) (A.13)

on the line z = b (counting s in the direction of increasing y)

dr/ds=0,dy/ds=1, Ajp, = ay, (b, y), Agp = ag (b, ¥) (A.14)
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Let us consider the variation of the families of characteristics ¢, and C,. Suppose that
the equations

i KZ +MZ
X Fo(zy) =Dy (a=1,2) (A15)
NO Y for the families C; and ¢, have been
y*dyr— S o found, Then the variation of these fami-
2 71" lies depend upon the variation of the con-
Jr———> d : stants D, and D,. Retaining only the terms
4 } AL of the first order of smallness, we obtain
: 4, : (Faxnlca + Faynzca) oN, = 6D, (A.16)
g ; zfdz - From this we obtain 8N, and &N,. If we
Fig, 5 differentiate N with respect to s,, and
* A, with respect to N, then for C; and
C, we can establish the relation
24,0N, = A,y 8N (A.17)

Let us consider the variation of the point of intersection of the characteristics ¢ and
C, (Fig, 5). To within terms of the first order of smallness we have

Az |Mi] = nl(.lﬁNl — nzclAl + n1026N2 + nZCZAz (A. 18)
Ay ‘Mij = 150 8Ny +ry0 Ay + 1y BN — i Ay

From Fig, 5 we find

2 2 2 2
Ricy— P, B1C, ™ ac,y
tgy = = — A
g 2nycac, 2ny¢,M9¢, (4,19)
A, = tg yON (¢ =1,2)
Substituting expressions (A, 19) into (A, 18) we obtain
1
bz ]M = 2n GN + 2.n 8NV, (A, 20)

A = 55— 8N .—~ SN,
ylMi)- 2”20, 6 1+ 2‘”2(), 2
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